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Stability of Gravity-Stabilized Drag-Free Satellites
ALAN W. FLEMING* AND DANIEL B.

Stanford University, Stanford, Calif.

In a drag-free satellite, the relative position sensor null point and the thrustor lines of action
will not be coincident with the vehicle mass center. Thus, attitude motion is sensed by the
translation control system. The resulting coupling between the attitude and translational
motions can cause attitude instabilities in a gravity stabilized drag-free satellite. In some
cases the phase shift which degrades the stability is introduced by the orbital dynamics in a
unique interaction of the feedback with the passive attitude control and orbital mechanics.
Stability relationships derived from small perturbation linear analysis are discussed and com-
pared with results from a nonlinear analog simulation with derived rate translational control.

A. Introduction

ADRAG-FREE satellite contains an unsupported proof
mass which is shielded by the satellite from external

nongravitational forces. Since only gravitational forces act
on the proof mass, it follows a purely gravitational orbit. A
control system in the satellite senses motion of the satellite
relative to the proof mass and activates thrusters, forcing the
satellite to follow the proof mass without touching it (Fig. 1).
Therefore, the satellite also follows a purely gravitational or-
bit, free from the effects of external surface forces.

A drag-free orbit is useful in satellite geodesy, for naviga-
tion satellites where accurate ephemeris prediction is needed,
and for determining the drag on a satellite by measuring the
equal and opposite compensating thrust, as Lange1 has pro-
posed.

A drag-free satellite may use any type of attitude control
and, in principle, there need not be any orientation-transla-
tion coupling. In practice coupling exists due to the combina-
tion of two effects. First, thrusters not acting through the
satellite mass center produce torques which disturb the atti-
tude motion, and secondly, if the proof-mass sensor null is not
at the satellite mass center, its output contains contributions
from orientation as well as translation.

For a gravity stabilized satellite, two kinds of torques may
thus be induced by attitude perturbations. The first is a
direct torque which is in phase (or 180° out of phase) with the
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Fig. 1 Planar schematic of a drag-free satellite.
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attitude motion. Torques of this nature have only minor
effect on stability since the magnitude of the torque is as-
sumed small with respect to gravity restoring torques. The
second kind of torque is an indirect one that contains an extra
integration due to the natural coupling of the system dynam-
ics. This torque is 90° (or 270°) out of phase with the atti-
tude motion and can easily add energy to the motion faster
than it is being removed by the system damping.

This paper discusses the effect of coupling on the stability of
gravity-stabilized, drag-free satellites.

B. Equations of Motion

1. General Form of the Equations

For any drag-free satellite, four relationships are needed to
define the vehicle motion. Making the necessary assump-
tions to obtain a set of linear equations, taking the Laplace
Transform and ignoring disturbances, these relationships are

Translation Dynamics

Air = g F>

Orientation Dynamics
3

BO = E L* X F''

Sensor Equation

Control Law

X

= Ke>

(1)

(2)

(3)

(4)

where (see Fig. 2), 8r is the position vector of the satellite mass,
center with respect to its disturbance free equilibrium position
of r = — e; 0 is the small angle attitude vector of the vehicle
with respect to a local tangent reference frame (torque-free
equilibrium orientation); A, B, and K are linear operators to
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Fig. 2 Schematic of drag-free satellite geometry.
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be discussed later; FJ (j = 1,2,3) is the jth control force as-
suming both positive and negative thrusters for a given direc-
tion pass through a common point; LJ (j = 1,2,3) is the mo-
ment arm of the jth control force about the satellite mass
center; e1' is the output of the jfch position sensor; e is the
location of the position sensor null with respect to the vehicle
mass center; and c3- (j = 1,2,3) defines a right-handed set of
orthogonal unit vectors aligned with the directions of the
translation control forces.

The characteristic equation of this system may be obtained
by direct substitution of Eqs. (3) and (4) into Eq. (1), solving
for dr and substituting this into Eq. (2) to get a single vector
equation in 6:

[K(A = 0 (5)

where U is the unity operator. The determinant of the
coefficient operator set equal to zero (for a nontrivial solution)
is the characteristic equation.

2. Reference Frame Definitions

Referring to Fig. 3, the "orbital frame/' (o), is defined by a
unit vector o\ along the orbital radius pointing away from the
Earth, a unit vector d2 in the in-track direction of orbital mo-
tion, and a third unit vector 63 normal to the orbit plane, com-
pleting the right-handed set. The second frame (6), defined
by the three unit vectors 61, 62, and 63, is fixed in the satellite
and aligned with the principal axes of inertia for the vehicle
mass center. The orientation of (b) with respect to (o) is
specified by a set of three Euler angles as shown in the figure,
All quantities, such as forces and moment arms, are fixed in
the body (see Fig. 2) except the translation, dr, which is most
naturally expressed in the orbital reference frame. The con-
troller reference frame Ci, c2, c3 will be taken to coincide with
the body frame 61, 82, &3-

3. Coefficient Matrices

The orbital translation perturbation equations due to Hill
are well known (e.g., Lange1). The in-plane motion is cou-
pled and A, written in the o frame, becomes

A =
0
0 (6)

rasz

where w0 is the oribital angular velocity and m is vehicle mass.
If the attitude behavior is lightly damped (f <£ 1), non-

linearities in the damping mechanism do not have a great
effect on the fine structure of the resulting motion and linear
damping may be assumed with adequate accuracy for this
study. Assuming a gravity-stabilized system with yaw sta-
bility augmented with a constant speed pitch wheel, B in Eq.
(2) becomes (Pisacane2 and Crespo da Silva3)
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Fig. 3 Definition of body and orbital reference frames.

KU}~1 — U] may be dropped. In addition, it is assumed
that the controllers are (on the average) linear functions of
e and ^, K = (kvs + kp) U. Then the characteristic equation
of the entire six-degree-of-freedom system may be written out
using Eqs. (6) and (7) in Eq. (5)

where the subscripts on L3 and e denote measure numbers of
these vectors in the 6i,£2,S3 frame. If it is further assumed
that ra| L> | | e| <3C 7i, application of the generalized algorithm
of Gauss to Eq. (8) yields a characteristic equation which is
the product of two factors

(kvs + /Cp)2(2raco0s)(L2
1ei - Li262)"1
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2 +
0

0
0
3(72 - 7i)w0

2J
(7)

where /i, 72, and 73 are principal inertias of the vehicle for the
mass center, h is the magnitude of the angular momentum of a
roll-yaw coupling momentum wheel with its spin axis along
S3, and Di, 7)2, and Z>3 are attitude damping coefficients.

4. Characteristic Equation

With the assumption that translation response is very much
faster than orbital frequency, terms containing coo2 in [K(A +

where

coi2 = 1(1, - 72)co0
2

co3
2 ^ [3(72 - h)

, co2
2 ^ [4(1, -

H ± (-h - 72

/>co0]/72

73)co0 + h

The first factor of Eq. (9) represents motion in the plane of the
orbit. The stability of this motion was discussed in detail by
Fleming et al.,4 and will not be discussed further here.
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Fig. 4 Root^locus for out-of-plane motion as a function of
|L*3||̂ | sinafor a = 90° and a = 270°.

The second factor represents the out-of-plane motion, which
decouples from the in-plane motion due to the assumptions
ra| LJ'\ | e <<C /i. In Eq. (9), it should be noted that the term
containing the control coupling factor (I/i3e2 — L2

3ei) also
contains the factor H, expressing the natural dynamic coupling
between roll and yaw. This provides the integration path
necessary to obtain a 90° phase shift in torque. (The direct
in-phase torque dropped out of Eq. (8) with the assumption
thatm\L| |c| «/i.)

The quantity Li3e2 — L2
3€i may also be written (L3 X i) • 63

= | L3| | ?p| sino: where a is the angle of L3 with respect to the
projection of e,€p, on the plane normal to 63 (nominally the
orbit plane). This notation will be used subsequently to
emphasize the importance of the geometrical relationship be-
tween Z3 and e.

C. Instability Results

An approximate set of analytical relationships between the
system and the vectors LJ and e for system instability may be
obtained from the characteristic Eq. (9) by, for example, con-
structing the Routhian array. This will yield the criteria for
instability (note the negative value on the first inequality) t

\L»\

and

X

(10)

L3| | e»| sina > + ̂  [7 ̂  ("22 + Yf

/2 C02
2

The natural roots of the gravity stabilized attitude motion
separate into a high-frequency pair with frequency UHF and

} It is shown in Ref. 4 that the corresponding instability result
for the in-plane motion is (Li2e2 - Lz

1e1) > D3/2mco0.

damping £HF and a low-frequency pair, with ULF and £LH.
and D2/(h^) « 1, then

C02
2 + HVW»]"1/2

C02

A J_ / 2 ^2 ,

/i coi2 V002 Wa/
D2 1 / 2 ^ ^2
7- — j ( coi2 + 7T-
/2 C02
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and
H*

Inequalities (10) may be further simplified by expressing
them in terms of these natural roots of the gravity-stabilized
attitude motion rather than the coefficients of the differential
equations. Thus

ep sinoz < —

and

| L (2/i/2/#m) [f L

(11)

(12)

To check the validity of these approximate relationships,
the characteristic roots of the roll/yaw portion of the full
system equations, Eqs. (1-4), were obtained as a function of

1 1/3 1 ep for various values of a. Figure 4 is a root locus plot
for a = 90° and a = 270° with the following typical gravity
stabilized system parameters: m = 86.1 kg; Ji = 21.75
kg-m2; J2 = 560 kg-m2; h = 0.571 N-m-sec; co0 = 1.02 X
10-3rad/sec; DI//I = 2.59 X 10-5rad/sec; D*/h = 1.12 X
10-5rad/sec; €1 = e2 = 0.02 rr; kp = 0.86 N/m; kv = 12.1
N • sec/m.

Since the translational control system for motion normal to
the orbit plane is much faster than the roll/yaw attitude mo-
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Fig. 5 Root locus for out-of-plane motion as a function of
|eP| sina for a = 0° and a = 180°.
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Fig. 6 Roll/yaw instability as a function of system
parameters and high-frequency damping.

tion, two views of the loci are necessary. One, Fig. 4a, a
macroscopic view, shows translational control response, and
the other, Fig. 4b, a microscopic view near the origin, shows
attitude response. The instabilities predicted by inequalities
(11) and (12) are crossover points of the loci departing from
the low frequency poles of the attitude motion.

The predicted high-frequency crossover value (a = 270°)
from inequality (11) is - |L3 | |e*>| = -0.00751 m2. This
agrees very well with the actual value obtained from the root
solutions, —0.00749. The predicted low-frequency cross-
over (a = 90°) from inequality (12) is |L3| | e*| = +0.0365
m2 compared with the actual value of +0.0637 m2. This poor
agreement for the low-frequency prediction is due to the fact
that for this case m| L3| | ep| = 5.5 kg • m2, and this term can-
not be neglected compared with I\9 as was assumed in deriving
inequality (12) . In terms of the loci, the assumption removes
the zero from the right half plane near the low frequency root,

L3 epallowing the crossover to occur for lower values of
This inaccuracy in predicting the low-frequency crossover is
relatively unimportant since the high-frequency crossover is
the one which governs the maximum value of |L3| | ep\ , for
which the system is stable.

Figure 5 is a root locus for the same system but with a = 0°
and 180°. These roots reflect the direct (or in-phase) cou-
pling dropped from the analysis in deriving inequalities (11)
and (12). For values of |L3| | e*| < 0.2 m2 these loci show
that primarily the frequency (not the damping) of the attitude
motion is affected. There is a high-frequency crossover in
Fig. 5 for 1 L3 1 | e? | = 0.34 m2, but this again is out of the
valid region for the assumption m | L3| & <<c 7i. On com-
paring Figs. 4 and 5, it should be noted that the 0°/180° de-
parture paths are not orthogonal to the 90°/270° paths since
the zeros of the loci are different for the two cases.

For the purpose of specifying a design constraint among the
system parameters and |L3| |ep | , the high-frequency cross-
over (a = 270°) represented by inequality (11) is shown
graphically in Fig. 6.

D. Analog Verification of the Results
For an analog computer simulation of the coupled attitude-

translation system, the dynamical equations, Eqs. (1) and (2),
and sensor equation, § Eq. (3), were used directly. A set of
runs was made first with strictly linear control to check out
the system simulation. The results agreed with the digital
results represented by the root loci of Figs. 4 and 5, and the
approximate analytical criterion, inequality (11).

§ A capacitive sensor used in a laboratory breadboard exhibits
an additional cubic term, but it is negligible for this coupling
study. (However, it cannot be neglected in acquisition and tran-
sient response studies.)
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roll vs time for
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Next, to study behavior with a nonlinear controller, a de-
rived rate modulator5 was assumed to operate each thrustor.
This modulator switch with hysteresis is activated by a signal,
a]', which is the difference between the error signal, e*, and a
lagged feedback signal, />, from the thrustor:

+ />' = F>' (13)

The damping is inherent in the lagged feedback. F> is full
on or off but its average value is approximately linear in e1'
when averaged over times comparable to the gravity-gradient
oscillation period.

From this part of the simulation, it was found that certain
characteristics of the nonlinear controller, such as deadband
and controller average gain at the deadband threshold, have a
major influence on the behavior for various values of a. In
particular, the a for which the system is most sensitive can
range from about 270° to 180°. However, the magnitude of
| L31 | ep | at the high-frequency crossover remains unchanged.

To illustrate this behavior, representative samples of ana-
log output are shown in Figs. 7-11. For these runs, an at-
tempt was made to minimize the influence of deadband by
making it as small as possible compared with 6 X e. The
actual values used were | ep\ = 0.113 m, deadband = 0.25
mm, and controller gain at threshold = 0.5 N/m.

Figure 7 shows nominal Oi (roll) and 62 (yaw) without any
translational coupling. Figure 8 is with a = 270° and | L3

ep = 0.00780 m2 (slightly beyond the predicted high-fre-
quency crossover). The high frequency is slightly divergent
and the low frequency is near nominal. Figure 9 is for .a =
90°, and |L3| | i»| = 0.0955 m2 (50% over the linear low-
frequency crossover of the root locus). The high frequency is
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Fig. 8 Yaw and roll vs time for \L*\\e*>\ = 0.00780 m2 and
a = 270° \vith a derived rate controller.
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Yaw and roll vs time for |L3|H = 0.0955 m2 and
a = 90° with a derived rate controller.

very stable and the low frequency is near divergence. Figure
10 is for a = 0°, and | L3| &\ = 0.0955 m2 (which is the same
as for a = 90° in Fig. 9). Both high and low frequencies
have about nominal damping and a slight decrease in fre-
quency. Figure 11 is for a = 180° and for L3 & =0.0350.
Both frequencies are higher than nominal and the high fre-
quency is almost divergent. This indicates a high-frequency
crossover for a = 180° at values of |L3| | ep\ less than pre-
dicted by the root loci of the linear case. Apparently the
nonlinear characteristics of the derived rate controller have
an effect equivalent to a change in the pole locations of the
translation control dynamics. "On the average/' these poles
are shifted so they affect the departure angle of the root locus
from the high-frequency poles of the attitude motion for a =
180°. As a result, this branch of the locus crosses the ju axis
for smaller values of L3 I ep I than in the linear case.
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Fig. 10 Yaw and roll vs time for |Z3||e*> = 0.0955 m2 and
a. — 0° with a derived rate controller.
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Fig. 11 Yaw and roll vs time for \L*\\&\ = 0.0350 m2 and
a = 180° with a derived rate controller.

In summarizing the nonlinear analog results, it may be said
that inequality (11) can be used to predict the minimum mag-
nitude of L3| | ep\ for high-frequency crossover, but the
values of a for which this crossover occurs depend on con-
troller characteristics.

E. Conclusion

A criterion [inequality (11)] has been obtained which ac-
curately defines a stability boundary for attitude-translational
coupled motion, out of the plane of the orbit, for a gravity-
stabilized drag-free satellite. A similar criterion, for motion
in the plane of the orbit, has been obtained previously by
Fleming et al.4 These criteria specify allowable translational
control sensor null offsets and translational thrustor moment
arms as a function of vehicle physical parameters. They
may be used for systems with nonlinear translational control-
lers to specify allowable magnitudes, but the angular relation-
ship between the null offset and thrustor moment arms for
which the stability is most sensitive is a strong function of the
nonlinear characteristics of the controller.
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